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Assessment Schedule — 2021
Scholarship Calculus (93202)

Evidence Statement

Q Solution
ONE X¥ox=2 (x+D)x-2) x-2
(a) f(x)=— = =
x=2x-3 (x+D(x-3) x-3
f(x)>0forx<2orx>3and x# -1
-2 —1 0 1 2 3 4
<« @ | | >—0 —»
(b) x #0, as 0° is undefined. Now, since x>0
lnx"‘/; = Inx* so,
xx/?lnx =2xInx
x(\/; - Z)Inx =0
x=4,orx=1
The solutions are x = 1 and x = 4.
(c) 2xP—x+ 1=2x"-x-1
x=t—
V2
Since —2x? —x + 1 — (2x? —x — 1) = —4x* + 2 is an even function, therefore the y-axis, i.e. the line x = 0, divides
the required area into equal parts.
(d) LetVx+1=u.Then,when x=0,u=1,and when x =2, u = \/g

Also, x+1=u?, dx=2udu.
3(u2—1)2udu

Substituting: JT/— y = 2.[1\/§(u2 - l)du

{2(%—14]]5:2 @—«/5 —2[2-1}:2@—2 3+§:§
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(e)

Area = 2J;7”(sinx - cosx)dx
4

5

T

= 2[—cosx—sinx]

.
N
2 2 8
[ 2, 2) 8 45
(ﬁ V2 ] 2
Alternate solution :
‘[02”‘ sinx — cos x‘dx =

T Sm
— — 2
-[04 (cosx - smx)dx + J,f (smx - cosx)dx + |5, (cosx - smx)dx

4 4

n 5
. - . . . 27
= [smx+cosx](‘)‘ + |:—COSX - smx}i" + [smx+cosx]5,,
N 4

4
2 2_8:4\/5

(FHEE S
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Solution

TWO
(a)

a
log, (—J =1,
S\b

ie. log a-log b=1
b b
Since log, b=5, we have log a=6
b b

b
1 1 1
loga(%/zxv‘a)z—logab+—logaa:§+§:—9
g 370 4 78 3 4 6

Alternate solution :

(b)

Let x and y be the numbers. Then x +y=11.
We must maximise P = x%7° = (11 —y)%?
Clearly 0 <y <11.

& {1137 () L2011

=(11-)y*[3(11- )2y
=(11-y)y*(33-5y)

Critical numbers are 0, 11 and %
P(0)=P(11)=0

Absolute max is when y = % Solution set x = % and y = ?

(©

Since 20207 is a multiple of 27,

£(2020) = asinor+ beosor +1=10

Let y=20207+«

f(2021) = asin(y+7r)+bcos(y+7r)+1
=—asiny—bcosy+1
=—(asina+bcosa)+1=—8

Alternate solution.
Use the composite angle formula.
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(d) 1nf(x):sinx><ln(x2+l)

S cosx X ln(x2 + l)+2x>2<ﬂ
S(x) x +1
N _ (.2 sin.x ) 2x X sinx
f (X) = (x +1) X[cosxx ln(x +1)+ﬁ
P 1
j”-z =1ZE +1| x| 0+ > =7
2 2 -
Z1+1
2
(e) Since log,x increases uniformly on (0,00), let log, x = 4.

Then f(A4) = A% + 6mA + n and f(4) = 24 + 6m, which has a min when 4 =-3m.

So, f(x) = ( 10g2 X )+ 6m( 10g2 X )+ n has a minimum when 10g2 X =-3m.

1
log,—=-3mand —3=-3morm=1
’8

1
Since f| = |=-2,
1
—2=9-18+n
n="7

Alternate solution.

m:210g2x- ! 6m- !
dx x-In2 x-In2

2=(=3P+6(1)(=3)+n—>n=7
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Q Solution
THREE | sing cosf  sin’O cos’ 0
(@) 1—cot@ 1—tan@ sin@—cos@ cosO—sinf
_sin’6—cos’ 6
sin@ —cos@
B (sin@—cos@)(sin0+c050)
- (sinO—cosG)
. b
=sin6f + cos O = sum of roots = ——
a
(b) Y =m’x+ 4\/me+ 84
21632 —9mix? = 3632 lmx — 756 = 144
2 (16 =917~ 3632 1mx =900 =0
Require b* —4ac =0
=5184m* =57 600:>m2=%0rm=i?
(c) Yy =3ax’ b
Now at x=+/3: y | _5=1since tan45°=1
=9a-b=1
Now at P and Q, y(ix/g)z 0 :\/§3a—\/§b= 0
=3a-b=0
.‘.6a=l,a=l,b=l,and
6 2
r(0)=-b=-;
2
(DG | 5!'=120
(i1) 6! x 2 =1440

(iif)

7! —6! x 2 =3600
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Q Solution

FOUR | q4
(a) E=0.16A+D

P

0.164+D

Lln\o.16A+D\ =t+c

0.16

The initial deposit A(¢ = 0) = 76000, then

1
mln]o.lw 76000+ 5000 = ¢ (c = 60.94) and when ¢ =10:
Lln\o.16A+sooo\=1o+c

0.16

Lln\0.16A+5000\ - Lln\o.wx 76000+ 5000/ =10
0.16 0.16

L 0.164+5000
0.16 X 76000+ 5000
A= (0.16 X 76000 +5000)e1-6 =499962.73

Only $37.27 short, so will be fine.

Alternate solutions

M _ o164+ D

dr

LI
0.164+D

Lln\o.mmb\ =t+c
0.16
Let A(0) = x be the initial deposit required to meet their goal. Also, 4(10)=500000.

Then Lln\o.m;c + 5000\ =cand
0.16

1
——1n|0.16 X 500000+ 5000 = 10+ ¢
0.16

SO

Lln\o.mﬁsooo\ = ﬁln‘0.16x500000+5000 -10

0.16
In[0.16x +5000| = In85 000 1.6
=9.75041

0.16x+5000 = """
x=$76006.82

Although short by $6.82, realistically this initial investment will be sufficient .
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Alternate solution :

If the initial investment is correct then,

10 500000 1
o 4=[ o 51607
LHS is clearly 10
Consider the RHS

1
- m[1n(16A+ )™

76000
+6[1n(16><500000+5000)]—[1n(16><76000+5000)J

=70.9400—-60.9396

=10.0004

Which is about 3.5 hours more than ten years.
The initial deposit of $76000 will be sufficient.

(b)()

L (e-1)?

'[y_3dy= J(x—l)dx

-2
A Y
2 2

1
Atx=0 y=a: c=——>

24*
- 1
y 2=—x2-i-2x+—2
a

1
2
y:i(%—x2+2xJ
a

Which, when graphed for a #0 would give:

However, since a > 0, we consider only the positive root; hence the function required is:

_1
y()c)=+(i2—x2 +2xj :

a

(i)

. .. iy 1 1 . .
For a finite and positive, the condition — - x*+2x>00rx’ —2x— — <0 must be satisfied for a real domain to
a a

exist. The quadratic has roots x =1=, ’1+ L
The natural domain of y(x)ls( 1/1+ 1+1’1+—]
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/ 1
Range:Asx%[li 1+—2J,y(x)—>+oo.
a
1

The minimum value of y(x) occurs at the turning point of x* —2x— —>
a

1

: 1)2 , 1yz_ . a

i.e. whenx =1 and y(l) = (1+—2) . The range is [1+—2] <y ie y2—p——
a a 1+a°

(ii1)

1

. 1 2 -
lim [—2 -x+ 2x] = (—x2 + Zx) 2
a—>+oo a

Which is defined if 2x — x? > 0, i.e., as @ —> +oo, the domain approaches 0 < x < 2.

The range:

As x>0, y(x) —+oo andas x —> 27, y(x) — +oo. The minimum value will occur when —x? + 2x takes on its

1
max value, which is when x = 1 and y(l)z +(—12 +2><1) 2=1.

N

N

1.1

(=]
N
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(©)

T1=§=1+L=1+1—l

2 1x2 2
T2=Z=1+L=1+l_l

6 2%3 2 3

2021x2022+1 1 1 1
2021 =1+ =1+ -
2021x2022 2021x2022 2021 2022

Therefore
2021 2
ZT —00214+1— 1 _ 20227 -1 or 2021X2023:20212021

" 2022 2022 2022 2022

n=1

Or in general:

i l+l+ 1 :" rz(r+1)2+(r+1)2+r2
r=1 r’ (r+1)2 r=1 rz(r+l)2

n \]rz(r+1)2+2r(r+l)+l

r? (r + 1)2

1 1 I 1 1 1
—+ ——t————=1-

A A T |

“ 1 1 - 1 1 1
Y l+S5+——=>l+———— |=n+1-—
= r (r+1) p ror+l n+1

& 1 2021

Therefore, D 7. =2021+1-——=2021

2022 2022

r=1
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Solution

FIVE
@

mAB=1,mBC=—1

To make BC = 4AB, B can be translated by ( 2] or [_:J

Therefore Cis (11,—4)or (-5, 12)

Alternate solution:
|AB|=2" +27 =8
The line BC is given by:
y—4=-1(x-3)
y=—x+7

For the required magnitude we want:
\/(x—3)2 +(4—(—x+ 7))2 =443
2x* —12x+18=128

x*—6x-55=0

(x=11)(x+5)=0

x=1lorx=-5

The points defining C are (11,-4) or (-5,12).

(b)

Multiply zz to the equation:
2’Z4z=27"+Z

Note that 7z = x>+ )*,
(x2+y2)z+z=(x2+yz)2+2
(x*+y* +1)(z-5)=0

Therefore, z=zZ —> y=0,xeR, x#0

Alternate solution:
zz +1 _ zz +1

z z
z=z—>y=0,xeR,x#0

Alternate solution:

x+1 . x—1i
2 y2=x_1y+ 2 yz
X" +y x“+y

(x2+y2)(x+iy)+x+iy=(x2+y2)(x—iy)+x—iy
(x2+y2)[2iy:|+2iy=0
[Eiyl[xz +y'+ 1] =0

y=0orx’+y’=-1

x+iy+

soy=0

Back substituting into the original equation gives

x+l=x+l,which is true for all real x#0.
X X

The solution set is the Real axis with the exclusion of 0.
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(©)

(i)

The locus is traced by a point moving in the Argand plane so that the sum of its distances from the points (2,41) and
(3,61) is constant. The locus is an ellipse with foci (2,41) and (3,61).

The foci are collinear with the origin. The principle axis of the ellipse is therefore the line y = 2x. So, max|z| is
found where the line intersects with the ellipse. Let C be the vertex furthest from the origin, through which the line
y = 2x will pass. max |z| = the distance of point C from the origin.

2
Distance OM from origin to midpoint of the major axis = [%) +5 = %\/g

. . . 5
So, distance from origin to opposite vertex = 5 5+2.

Alternate solution.

Let the origin be O. Then max‘z| = ‘O_A‘ +‘A_C‘ .
04| =V3 +6* =45 =375

’A_C‘ +‘B_C‘ = 4 from the definition of the elipse.
[BA|+2|Ac|=4

[Ad] =2—%‘ﬁ|=2—%><\/§

max‘z‘:(ﬁ+A_C:3\/§+2—%><\/r=§\/§+2




Scholarship Calculus (93202) 2021 — page 12 of 14

|
(d) m B (Zz)

C () Re

Letarg (z,—z,)= B,thenarg(z,—z,)= a+p andarg(z,—z )= 20+

Note that arg (z, —z,)* = 20+ 23,
1 2
arg(g(z2 —z3)secaj =arg(z,—z,) = arg(22 —z])(z] —zs)

As for the modulus,

1
z, —z]‘=|zl —23’ = E‘zz —23‘56005

2
. \(Zz_zl)(zl_23)|=(%\22_23|sewj

Therefore,

(22 —zl)(zl —23)2(%(22 —Z3)secaj
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Alternate solution.
AB=AC s so

‘zz —zl‘ = ‘zl —23‘ and

arg(zz —z])—arg(z1 —23) =20

Therefore
z,— 2z, :(zl —23)(c0s2a+isin2a) (A)
In the given triangle

BC =AC +AB —2AC-AB-cos(180°—2a)

B_C2 = 2A_C2 - 2A_C2 (—cos2a)

BC =2AC (1 + cosZa) = 4AC cos® ot and BC = 2ACcos ot
So:‘z2 —23‘ = 2|z1 —ZS‘COSO! and

arg(z2 - Z;)_ arg(zl - 23) = o, which gives
22—23=2(z]—23)(cosa+isina)cosot B)

Since (cosZa + isin2oc) = (cosa + isinoz)2

z,—z R
From (A): = (cosa + 1sm05)
z -z
1 3
z,—z, ..
From (B): ————=——=cosa+1isin«

2(2l —23)cosa

Which, after equating gives
2

%74 — "%

z, -z, 2(21—23)00506

(zz_zl)(zl_zg):(%(zz_zg)sem]z
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Sufficiency Statement

Score 1-4, no award

Score 5-6, Scholarship

Score 7-8, Oustanding
Scholarship

Shows understanding of relevant
mathematical concepts, and some
progress towards solution to problems.

Application of high-level mathematical | Application of high-level mathematical
knowledge and skills, leading to partial | knowledge and skills, perception, and

solutions to complex problems.

insight / convincing communication
shown in finding correct solutions to
complex problems.

Cut Scores

Scholarship

Outstanding Scholarship

21-33

34 -40




