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Assessment Schedule — 2022
Scholarship Calculus (93202)
Evidence Statement

Q

Solution

ONE
(@)

Let z=x+1y, then
‘x+a+iy‘2 :a‘x+l+iy‘2

(x+ at)2+y2 =a (x+1)2+y2

x2+2wc+c12+y2 =ax2+2ax+a+ay2

xz+yz—a()c2+yz)=a—a2

[ (1-a)=a(1-0)

e =Va

Alternate solution

‘z+a|2 =(z+a)(2+a)=z§+za+2a+a2
Since‘z+a‘2 = a‘z+1‘2

2Z +za+Za+a* =a(z+1)(2+1)=az§+az+a§+a
zE(l—a)=a(l—a)

2

Z a

z| =/ a (in this context the negative root is not valid.)

(b)

b4
tanx + tan(z—x) =1

T
tan— —tanx

tanx+ ————— =1
b4
1+ tan—tanx
4
1—tanx
=]—-tanx
1+ tanx

(l—tanx)(l+tanx) = (l— tanx)

1-tan’x=1—tanx

tanx(tanx—1)=0

Solution set (i) tanx=1-—x, = n7r+%(n € Z)
Y, =—-nmw

Solution set (if) ~ tanx=0—x, = kir(k € Z)

yy=—kn+ 7 (keZ)

. T V3
Since tan| —+nx |=tan| ——nrx |,

the complete solution set is

(imm%,frmrjneZand(ikn,ikyw%jkeZ.
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x4+’ —dxt+x+1=0
Pax—driilg
X x2

2
(x2+i2J+(x+lj—4:0—> (x+lj -2 +(x+l)—4:0
x x x X
2
(x+lJ +(x+lj—6=0
X X

x+l=2or—3

X

1 .
However, x + — =2 has solution x =1
x

x+ 1 = —3 has solutions > which are both negative.

X
We use —3 only

1 1 1
)c3+—3 =(x+—J(x2—l+—2J
X X X

Alternate solution :
P(1)=0; P(x)= (x— 1)2 (x2 +3x+ 1) =0

3445

2

x3{—3:;«/5]3:[—27127\/58—454;#5}#4\/5_9

xX=

1 omaf5-9

x3
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Q Solution
TWO 2 _ _ 2
@ | Ax+10=k(x+1)
(1-k)x* = (4+2k)x+(10-k)=0
. 2
For distinct real roots: (4+ 2k) —4x (1 — k)(lO — k) >0
60k—24>0
k> 2
5
For roots of the same sign: 110 _kk >0
ie.k>100rk<l1
However, for the roots to be real, the condition becomes:
k>10or % <k<l
Alternate solution :
b —4ac>0and‘b‘ >\b> - dac
2
b2—4ac>0—>k>g
|4 > Vb —4ac — ac>0:(1-k)(10- k) >0
ie.k>10o0rk<l1
However, for the roots to be real, the condition becomes:
k>10or % <k<l
(b) 2 _ 16 _ 16 3
sina  sin2a  2sin@coso \/g
Which gives sina _ 2sin oxcos and L cos & 2
12 16 12
s
from which s1n0:27
. . 4
sin2¢ = 2sinxcosa = T
cos2a = cos” o —sin® o = o)
Area :%x16><12><sin(180°—30¢)
=96sin30
= 96><(sin050052a+sin2occos05)
=96 x —£+&
27 27
=96 %X % units = # units
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Let the three sides be /™!, [, and Ir. Then [ is the side opposite a.
Using the cosine rule:

p :(§J2+(zr)2_z(§](zr)cosa

2 & 2.2 2
[ =—2+l r-—=2l"cos
r

l——2—r2 =-2cosu
r

1 1
~| r*=1+— |=cosa
2 2

1 1Y 1
—|r—=—| +==cosax
2 r 2

When » = 1, the LHS function in terms of 7 is minimum.

Since cosine curve is a decreasing function between 0° and 90°, & will be a max when cos¢ is minimum.

1
cosa=5—>a

= 60°: equilateral triangle
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Q Solution
THREE 5x 1 1
(a) Let y=o 2 NXT0 XJTT +1_ (es"(”l)z }x (x+1)2
X

(&

% _ [ _ %(x i 1)*% ]CSx(xH)z % (x + 1)% + (eSx(xH)z ] y %(x N 1)7%

B
dr

Alternate solution
Let y = f(x) then

1
Iny=Ine™ + ln(x+ 1)5 —Ine

1 1
Iny=5x+—=In{x+1)—(x+1)2
y=sesLin(ret)-(s+1)

Differentiate both sides

1
l><d—y:5+#—l(x+l)_5
y dx

dx:

“[s-Lletxiaet| L2
o 2 2

(x+])%

o | W
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(b)

Beaker:

The flow rate from the dripper is constant, as is the radius of the beaker. So the rate at which the depth of coffee
increases is constant. Let the depth of coffee in the beaker be x.

V = mr’x and
dv 5 dx
—_—=nr- —
dt dt

50:7r><92><%
ds

dx 50 -
—= cm min
dt  mx8l
Dripper: <--18cm--»
L.et Fhe depth of the f:offee ip the dripper be y and the radius of the surface of the fA .
liquid, r. Then, by similar triangles: ’ !
r 9 1 y 18 cm

3 4
2
&y e
dt 4 dt
—50=£><92><d—y
4 dr
d—y=—50X4cmmin71
dt T x81
Ratiogzd—yz >0 :50X4=:
de| |df| mx81 mx8l
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Let AE = x and FG = y.
Then CE =1 — x.
Since AABC ~ AEFC (£/BAC= ZFEC and ZABC = ZEFC as BA || GE)

AEFC is isosceles and EF = r — x
AAEQG is right angled

GE=+r*=x%s0
y:\/;fz—x2 —(r—x)z\/rz—x2 —r+x

1
% = %(72 —xz)_E X (—2x)+1

Let d_y =0 for max.
dx

Alternate Solution
Let GT L BC, T is the foot on BC
Since BA || GE, AGTF is right angled isosceles triangle

GF =2 GT
Max GF is when GT is max: i.e. T is the intersection of AG and BC

r
max GT=r—-—
V2

max GF = (\/5—1) r.
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Solution

FOUR
(@

2 64

(e (e (e rs(e e (e (o)
sl e wsle) e o)

171 . . . . A .
- a{eé"’ 66417 1562 120+ 156721 4 66740 4 010}

1 eﬁi9+e—6i9 6 €4i9+€_4i0 15 62i9+6_2i9 20
= | |t — = — |+ =
32 2 32 2 32 2 64

= icos6t9+ icos40+£cos20+i
32 16 32 16

. .\6
. 2\6 6 —i6
i6 —i6 e +e
e +e€ ( )
00569={ J =

(b)

Using symmetry,
1

A= 4IO ydx

y=sin’t

dx .
x=cos’ ¢ and d_ =—3cos’tsint
t

Whenx=0—>t=%andx=l—>t=0

The integral becomes

0 z z 1—cos2¢
A=4x [ =3sin* rcos? dr =3[ 2 sin? 2rsin’ r dr =3[ 2 sin’ 2 x84 4
3 0 0 )

Y4

LA z 2
:EJ.ZMdI—EJ‘zsin22td(sin2t):g E—l+l - g><l><sin32t :3—”
270 2 470 2{4 2 2 4 3 8
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Alternate solution:
2 3
A= 4.|. 2 (sin3 t)(30052 tsint)dt = IZJ 2 (sin4 t)(cos2 t)dt
0 0
2
12_[02 (sin4t)(coszt)dt
3 2
12‘[02 (1— cos’ t) (cos2 t)dt
3
12_[02 (0052 t—2cos* 1+ cos® t)dt
1 1 1
cos’t= —(cos2t + 1) =—cos2t+—
2 2 2

cos®t= Lcos6t+icos4t+1—5cos2t+i
32 16 32 16

. N4
4 elt+e—1t
cos t=
2

— E(e4lt +4621t +6+4e—21t +e—4ll‘)

1
= —cos4t+10052t+é
8 2 8

1 3
2costt=—cosdt+cos2t+=
4 4

So

cos’t—2cos*t+cos’t

= —cos2t— icos4t+icos6t+ L
32 16 32 16

V4
= 12_[2 —LCOSZt—Lcos4t+icos6t+L dt
0 32 16 32 16

1 . 1 . 1 . t |2
=12| ——sin2¢f— —sin4t+ —sinb6r+ —
64 64 192 16 )

=12{0—0+0+3£2+0+0+0+0}

1z
o 32
3

8
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Using the cosine rule:
2
(FF,)” =PF’+PE,> - 2PF,PF, cos @
But FF, =2cand PF, + PF, = 2a and b = a* — ¢* for this ellipse

~(2¢)’ = PF? + PF,” — 2PF, - PF, -cos6

= (PF, +PE, )’ —2PF,PF, (1+cos6) .. PF, - PF, =

Since area APFF, = 1 -PF, - PF, -sin@
2

_1 x—z(az _ c2) sin@

2 l+cos@

b? -25in§cosg
2 2

2cos’ Q
2

=p tang
2
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Q Solution

FIVE | tan45°=1
(@ | Andsince tan(90° - x) = cotx
tan1°X tan2°x tan3°X... X tan88° X tan89°
= tan1°><tan2°><tan3°><...><tan(90°—3°)><tan(90°—2°)><tan(90°—1°)

=tanl®Xxtan2°x tan3°...tan45°...... cot3°xcot2°xcotl®°=1

I.e. we have J:ldt =a

(b)
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Let L = A then
dx
N R
dx v,
Using the given hint:

J.# Vi+x? +x
V1+x2

In|V1+ 42 +A‘=ﬁlnx+K

%
2
Back substituting for A

2
In|, |1+ & +d—y:ilnx+K
dx dx| v,

dd =ijldx
1+4> WX

dx=1In +c

Now y(1)=0

v
ln\/1+0+0‘=711n1+K
2

2
+d_y :ilnx
dx| v,

"

2 el
In 1+[dyj +d—y:lnxv2
dx
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Ifvi=w
dy 1

-2

dx 2

jdy=%'[[x—x_l]dx

1 1 1
y:—x—xz——lnx+k
2 2 2
sincey(1)=0
1
0=—+k
e
4
1, 1 1
=—x"——Inx——
YRR Ty
Forvi#w
N
d_y_l X2 —_x
dx 2
o n
jdy=— x2—x 2 |dx
A [1—ﬁj
y=% ! x[v2 ]— ! x 2+ k
L V2 V)
1 4l
| NG
y=o| 2y Sy Uiy
2l v+, V=V,
Sincey(l):O
0:1{ e T }rk
2l v+v, v,
=t VY, vy vy v
2 vZ-v?
1 2
P
2 V12_V22
__ """
k= 2 2
Yo TN
Finally
" k|
1l v [7“] y [1_7J vV
p=—|—2—x\"2 S 2 4l % 122 1 for v, #v,
2l v+, v =V, v, =,
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Sufficiency Statement

Score 1-4, no award

Score 5-6, Scholarship

Score 7-8, Oustanding
Scholarship

Shows understanding of relevant
mathematical concepts, and some
progress towards solutions to problems.

Application of high-level mathematical | Application of high-level mathematical
knowledge and skills, leading to partial | knowledge and skills, perception, and

solutions to complex problems.

insight / convincing communication
shown in finding correct solutions to
complex problems.

Cut Scores

Scholarship

Outstanding Scholarship

21-32

33-40




